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ABSTRACT

This paper presents the buckling and vibration characteristics of a Mindlin rectangular nanoplate with simply supported boundary conditions
and Navier approach. In order to consider the small scale effects, the modified couple stress theory with one length scale parameter is used. In
the modified couple stress theory, the strain energy density is a function of strain tensor, curvature tensor, stress tensor, and symmetric part of
the couple stress tensor. The critical buckling load values and vibration frequencies of different modes are separately solved. The governing
equations are numerically solved and the results are verified with literature. The effect of material length scale, length, width and thickness of
the nanoplate on the buckling loads and vibration frequencies are investigated and the results are presented and discussed in detail.
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1. Introduction

Performing experiments in the atomic and molecular scales is the safest approach for the study of materials in small-
scales because the structures are investigated in real dimensions. In order to determine the mechanical properties of
nanostructures in this method, various mechanical loads are applied on nanostructures using the atomic Force Microscopy
(AFM) and the plate responses are measured. The difficulties with controlling the test conditions at this scale, high economic
costs and time-consuming processes are some setbacks of this approach. Therefore, it is only used to validate other simple and
low-cost methods.

Atomic simulation is another approach for studying small-scale structures. In this method, the behaviors of atoms and
molecules are examined by considering the intermolecular and interatomic effects on their motions, which ultimately involves
the total body deformation. In the case of large deformations and multi atomic scales, the computational costs of this approach
become unbearable, so it is only used for small deformation problems.

Given the limitations of the aforementioned methods for the study of small-scales, many literatures have been directed
toward finding more efficient solutions which are reliable, less costly, and time consuming. Modeling small-scale structures
using continuum mechanics is one of these solutions. There are a variety of size-dependent continuum theories that take size
effects into account and are suitable for this problem. Among these theories are micromorphic theory, microstructural theory,
micropolar theory, Kurt's theory, non-local theory, modified couple stress theory, and strain gradient elasticity. Aghababaei and
Reddy [1] employed the non-local third order shear deformation plate theory to study bending and vibration of plates. They
presented Eringen's analytical solution for bending and free vibration of a simply supported rectangular plate using non-local
linear elasticity theory to illustrate the effect of non-local theory on deflection and natural frequency of the plates. Shafiei et al.
[2] employed the modified couple-stress theory to study stability and vibration of single and multi-layered graphene sheets. The
effects of different parameters such as loading schemes, nanoplate dimensions, and boundary conditions were investigated.
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Sladek et al. [3] studied the FGM micro/nano-plates within the modified couple stress theory of elasticity. The boundary
restrictions on the bottom and top surfaces of the plate together with derivation of governing equations and physical boundary
conditions on the plate edges were investigated and discussed in detail. Thanh et al. [4] studied the size-dependent thermal
bending and buckling responses of composite laminate microplate based on the new modified couple stress theory and
isogeometric analysis. They also evaluated the impacts of fiber orientation, thickness ratio, boundary conditions, and variation in
the material length scale parameter. Jung et al. [5] studied buckling of S-FGM nanoplates embedded in Pasternak elastic medium
using the modified couple stress theory. The effects of power law index, small-scale coefficient, aspect ratio, side-to-thickness
ratio, loading types, and elastic medium parameter on the buckling load of S-FGM nanoplates were also evaluated. Al-
Shewailiah and Al-Shujairi [6] studied the static bending of functionally graded single-walled carbon nanotube conjunction using
the modified couple stress theory. They investigated characteristics such as length, material parameter ratio, volume fraction of
material, porosity and carbon nanotube, SWCNT distribution types, boundary conditions, and aspect ratio (length/thickness). By
observing the static behavior of FG-micro beams it was found that the modified couple stress theory (MCST) yields more
accurate results than classical beams. Yuan et al. [7] studied the couple stress-based nonlinear buckling of hydrostatic pressurized
functionally graded composite conical microshells. They observed that the couple stress size dependency plays a more important
role in the nonlinear buckling behavior of FG composite conical microshells. Kim et al. [8] studied the bending, free vibration,
and buckling of the modified couples stress-based functionally graded porous micro-plates. They presented the numerical results
of bending, free vibration, and buckling to determine the effects of constituent material variation, microstructure-dependent size
effects, and porosity distributions on the mechanical response of functionally graded porous microplates.

In this paper, a Mindlin rectangular nanoplate model is developed for buckling and vibration analysis of a graphene
nanoplate based on the modified couple stress theory. The results are presented in figures and tables and are discussed in detail.

2. Modified couple stress theory

In 2002, Yang et al. [9] proposed a modified couple stress model by modifying the theory proposed by Toppin [10], Mindlin
and Tiersten [11], Koiter [12] and Mindlin [13] in 1964. The modified couple stress theory consists of one material length scale
parameter for projection of the size effect, whereas the classical couple stress theory has two material length scale parameters. In
the modified couple stress theory, the strain energy density in the three-dimensional vertical coordinates for a body bounded by
the volume V and the area Q [14] is expressed as follows Eq. (1):
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v and &; are the symmetric parts of the curvature and strain tensors, respectively, and 0; is the displacement vector and u;
denotes the rotational vector.
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a;; the stress tensor, and m,; the deviatoric part of the couple stress tensor, are defined as:
o, =7»8kk5ij +t2pE, (5
m, =2p L'y, (6)

where A and p are the lame constants, J; is the Kronecker delta and 1is the material length scale parameter. From Egs. (3) and
(6) it can be seen that i and m;; are symmetric.

3. Mindlin's plate model

The displacement equations for the Mindlin's plate are defined as Eq. (7):
u, (x,y,z,t) =z ¢_(X,y,1)
u, (x,y,z,t) =z, (x,y,t) (7)
u, (x,y,z,t) =W (x,y,t)

where ¢ and ¢, are the rotations of the normal vector around the x and y axis respectively, and w is the midpoint displacement

of the pléte in the z-axis direction.
In Fig.1. a Mindlin rectangular nanoplate with length a, width b, and thickness / is shown.
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Fig.1. A schematic of the nanoplate and axes

The strain and stress tensors, symmetric part of the curvature tensor, and rotational vector for the Mindlin's plate are obtained
as follows Egs. (8-28):
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The variation of the strain energy is expressed as follows Eq. (29) :
3U=] (o d¢_ to, 8¢ +2c O¢ 20, 8¢ +20 8¢ +m Ox +m 8x +m Ox +2m x|
+2m 8x +2m  8x ) dV
29

For the sake of simplification, the coefficient of each variable in the above equation is named from F; to Fs and this equation
can be rewritten as shown below Eq. (30):
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4. The buckling load

For a rectangular plate with length a, width b, and thickness h, under the axial loads (Py,, P, Px), the buckling load is obtained
as shown in Eq. (44) [15, 16]:
o’ o’ 2’
P, S S, T = gxy) (44)
é’xz oxoy é’yz
where P; is the axial load along the x axis, P, is the axial load along the y axis, P, is the shear load in the xy plane, and g (x, y) is
the out-of-plane load.

5. Virtual work of the external loads

In this kind of problems, the virtual works of three kinds of external loads are included in the solutions, if the middle-plane
and the middle-perimeter of the plate are shown as £ and I respectively, these virtual works are [17]:
1. The virtual work done by the body loads, which is applied on the volume V= Qx (- W2, 2).
2. The virtual work done by the surface tractions at the upper and lower surfaces (£2).
3. The virtual work done by the shear tractions on the lateral surfaces, S= I"x (- W2, h2).
If (f,, £, f7) are the body loads, (cx, ¢, ¢:) are the body couples, (¢x, ¢, g-) are the loads acting on the Q plane, (¢, t,, t-) are the
Cauchy's tractions and (S, S, S:) are surface couples, then the variations of the virtual work is expressed as Eq. (45):

jg(fxéu +f, 8V +f. 8w +q du+q 8V +q.dw +c 8q, +c, 6 dq, +c_8q_ )dx dy +

Sw=-
W J.(IA_Su +ty6V +t 3w +5 8q +sy5qy +5_0q_)dT
T
(45)
Given that in this study only the external load q. was applied, virtual work becomes Eq. (46):
arb
6w=J.OJ.Oq (x,y) ow (x,y) dx dy (46)
The variation of kinetic energy is obtained as Eq. (47) :
h 3
PO R
8T=IAI 2Ep (u15u1 +u,0u, +u,0u, )dA dz =IA phw8w+; ((pXS(pX 19,080, ) dA 47)

2
where p is the density.
Finally, using Hamilton's principle, it can be said that [16]:

[ (87-(8U-8w))dt=0 (48)

where T is the kinetic energy, U is the strain energy, and W is the work of the external loads.
6. The final governing equations of the plate after applying the buckling and external loads

Using Hamilton's principle, the Eq. (48), and the Eqs. (44) -(47), the governing equations of the plate, including the buckling
and external loads, are obtained as follows Eqs. (49-51):
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7. Obtaining the general governing equation of the Mindlin's plate
Considering the following constants Egs. (52-60):
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the general governing equation of the Mindlin's plate will become Eqs. (62-64):
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8. Solution of the governing equations using Navier's method

(1)

(52)
(53)
(54
(55)
(56)
(57
(58)

(59

(60)

(61)

(62)

K2
ot’

=C

8

X :C -

8
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The Navier's solution is applicable to the rectangular plates which simply support the boundary conditions on all edges. Since
the boundary conditions are spontaneously satisfied in this method, the unknown functions of the plate's mid-plane are assumed

to be double trigonometric series [15, 17]:

W(xy,t)=>>"W_sinaxsinfy e

m=1 n=1

(65)
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o (xy.t) =ZZchosaxsinBy e (66)
m=1 n=1
9, (x,y,t) =ZZymnsinaxcosBy e” (67)
m=1 n=1
the load can also be calculated from the following relations Egs. (68-70):
qZZZansinaxsinBy e (68)
m=1 n=1
A inaxsinBy dx d 69
anfgjojoq(x,y)smaxsmﬁy x dy (69)
q, Forsinusoidal load
16
Q.= %o ;For uniform load (70)
IIII‘ITC2
4Q, . .
;For point load in the plane center
ab
where
== =22, =1 (1)
a b
Simply-supported boundary conditions are also satisfied by the Navier's method according to the following Egs. (72-73):
mn nn
x=0 | w (O,y) =w (a,y) =YX w_sin— xsin— y=0
, »oh (72)

x=a |0, (0.y)=0, (a,y)=ZZym“sinﬂ xcos% y=0
a

y=0 w(x,0)=w(x,b)=zzwmsinﬂ xsin 2% =0
: b (73)

y=b | ©, (X,O)=(px (x,b)=ZZchosﬂ xsin% y=0
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9. The general equation matrix of a Mindlin's plate

After solving the governing equations and naming the coefficient of each variable, we have:

U, =2Co’p +Coa'+Cp'+Ca’+C,p -Po’ —Pp (74)
U,=U,=-C, o’-C ap’+C,a (75)
U,=U =-C, B'-C,a’B+C,B (76)
U,=C, B'-C,a’p’-C,p’-C.0’+C, (77)
U,= C,ap’+C,a’B-C,ap (78)
U,=-C,a’B-C,0f’-C 0B (79)
U,=C, o'+C,a’f’-C,a’-Cp’+C, (80)
K=-C (81)
K,=K,=K,=K, =K,=K =0 (82)
K, =K,=-C, (83)

Finally, the general equation matrix of the Mindlin's plate along with the auxiliary equations are obtained as follows Eq. (84):
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UI UZ U3 I<I KZ K3 Wmn an
U, U U, |-o|K, K, K |[|X,|=| 0 (84)
U7 UR U‘) I<7 KR K‘) ymn 0

Various materials such as epoxy, graphene, copper etc., can be considered as the plate's material. In this study, graphene is
chosen as the plate's material. A single-layer graphene plate has the following properties [18]:

E=1.06TPa, v=0.25, h=0.34nm, p=2250 ky 3
m
Moreover, the relationship between E, u, and v can be expressed as:
vE E
7\'_

= , 1=

(1+v)(1-2v) 2(1+v)
where u and A are the lame's coefficients and E is the Young's modulus [19]. The value of the distributed load is considered to be
q = INm’.

(85)

10. Results and Discussion

Results were obtained using a computational program coded in the MATLAB software. The obtained results were compared
with the literature [20,21] and good agreements between the overall results process were observed. The plate's dimensional
parameters are chosen as follows:

a: plate's length

b: plate's width

h: plate's thickness

1: material length scale parameter

Table 1 compares the values of dimensionless critical load for different nanoplates under a bi-axial surface loading in x & y

directions. By increasing the plate's length to thickness ratios, it is observed that:
- The value of dimensionless critical load for Mindlin nanoplates increases.
- The value of dimensionless critical load for 3" and 5% order shear deformation nanoplate slightly decreases.
- The value of dimensionless critical load for Kirchhoff nanoplate remains unchanged.

Figure 2 compares the values of critical load of different nanoplates under the uniform surface traction for different length to
thickness ratios. As can be seen, the 3" order shear deformation nanoplate yielded the lowest values and the Mindlin nanoplate
yielded the highest values for critical load.

Table 2 shows that the value of critical load for Mindlin's nanoplate under a bi-axial surface load in x and y directions
increases due to an increase in the length scale parameter to thickness and decreases due to an increase in the length to thickness
ratio of the nanoplate.

Figure 3 shows the value of dimensionless critical load for Mindlin's nanoplate under a uniaxial load in the x-direction. It was
found that this value increases due to an increase in the length to thickness ratio of the nanoplate. Furthermore, when the effect of
size parameter is neglected (classical theory), the value of dimensionless critical load becomes constant and reaches its lowest
value, but with an increase in the size parameter, the dimensionless critical load value increases.

Figure 4 shows the value of dimensionless critical load for Mindlin's nanoplate under a biaxial surface load in x and y
directions in different modes. As can be seen, this value increases due to an increase in the length scale parameter to thickness
ratio of nanoplate. Furthermore, the first mode has the highest dimensionless critical load value, but this value gradually
decreases for the next modes.

Figures 5-8 show the frequency of different modes of Mindlin's nanoplate (w;; — W, — W, — w,,). It is observed that this
value decreases due to an increase in the length to thickness ratio. Moreover, for classical theory (by neglecting the effect of size
parameter), the frequency reaches its lowest value, but the frequency values increase with an increase in the size effect.
Furthermore, it is shown that the first mode has the lowest frequency and it increases for the next modes.

Table 1. Values of the dimensionless critical load of buckling for different nanoplates under a bi-axial surface loading for various length to thickness ratios (/A=
, a/b=1, Py/Px=1I).

"sl"}f: ;(rl order N order shear
Kirchhoff Mindlin . deformation

a/h plate plate deformation plate (n=5)
plate

5 5.0000 10.1594 5.6521 5.6937

10 5.0000 12.8101 5.1723 5.1826

20 5.0000 13.6820 5.0437 5.0463

30 5.0000 13.8568 5.0195 5.0206

40 5.0000 13.9191 5.0110 5.0116

50 5.0000 13.9481 5.0070 5.0074
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Fig. 2. Comparison of the critical load values for different nanoplates under the uniform surface traction in x direction for different length to thickness ratios
(a/b=1, I/h=1).

Table 2. The comparison of buckling values of the Mindlin's nanoplate under biaxial loads for various length to thickness ratios (Py/Px=1, a/b=1).

I/h
a/h
0 0.5 1 1.5 2
10 6.7163 28.2488 86.0362 162.1843 233.7019
20 1.7526 7.4278 23.9784 50.02999 83.4495
30 0.7853 3.3333 10.8814 23.1469 39.6731
40 0.4430 1.8814 6.1660 13.2059 22.8526
50 0.2839 1.2060 3.9597 8.5076 14.7879
60
50
40
B
0 30
)
W
£
o~ 20
10 A
8 _
: T T T T

0.0 0.5 1.0 1.5 20 2.5

ih
Fig. 3. Values of dimensionless critical load for Mindlin's nanoplate under a uniaxial load in the x-direction for different material length scale to thickness ratios
and length to thickness ratio of the nanoplate (a/b=1).
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Fig. 4. Values of dimensionless critical load for Mindlin's nanoplate under a bi-axial surface load in x and y directions for material length scale to thickness ratio
of the nanoplate (a/b=1, a/h=30).
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Fig. 5. Comparison of frequencies of the first mode (w:;) for a Mindlin's nanoplate for various material length scale parameter to thickness and length to
thickness ratios of the nanoplate (a/b=1, h=0.34).
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Fig. 6 Comparison of frequencies of the mode (w;2) for a Mindlin's nanoplate for different material length scale parameter to thickness ratios (a/b=1, h=0.34).

—e—— a/h=h
4000
— Q= —~  afh=10
3000 -
2000 4
I
£
S
2 1000
Q-
d T

T
0.0 0.5 1.0 1.5 20 25

I’
Fig. 7. Comparison of frequencies of the mode (w.:) for a Mindlin's nanoplate for different material length scale parameter to thickness ratios (a/b=1, h=0.34).
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Fig. 8 Comparison of frequencies of the mode (w:2) for a Mindlin's nanoplate for different material length scale parameter to thickness ratios (a/b=1, h=0.34).
As shown in Table 3 by increasing the aspect ratio of the nanoplate, the vibration frequency value decreases.
Table 4 shows the frequencies of various nanoplates at different vibration modes(w;; — w;, — W, — W,,). According to the
Table, the Kirchhoff's nanoplate yields the highest frequency value when the length scale parameter is neglected, but the
Mindlin's nanoplate yields the highest frequency value when the length scale parameter is considered.
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Table 3. Comparison of different modes of frequency for Mindlin nanoplate for various length to thickness and aspect ratios (I/h=1).

Mode a/h
20 30 40 50
a/b=0.5

o 280.4153 128.0217 72.7219 46.7575

(O 436.5378 202.1703 115.4757 74.4444

o 860.2980 413.9252 240.0504 155.9272

[0 988.5087 481.2484 280.4153 182.5827

a/b=1

o 115.4757 51.9052 29.3145 18.7965

O 280.4153 128.0217 72.7219 46.7575

@) 280.4153 128.0217 72.7219 46.7575

(05 436.5378 202.1703 115.4757 74.4444

a/b=1.5

o 83.8680 37.5829 21.2022 13.5879

(O 159.1488 071.8354 40.6324 26.0724

o 250.5691 114.0783 64.7336 41.6004

(o5 321.6951 147.4292 83.8680 53.9616

Table 4. Comparison of dimensionless frequencies of different modes of various nanoplates for length to thickness ratio (a/b=2, a/h=30).
Mode Vh
0 0.5 1 2
Mindlin plate
oy 8.7280 17.9862 32.5528 62.6001
®) 13.9429 28.7266 051.9052 99.1252
®y 29.4914 60.7224 109.1821 204.2795
[ 34.6425 71.3140 128.0217 2379174
Kirchhoff plate
[0 8.7459 12.3685 19.5563 36.0601
O 13.9886 19.7828 31.2794 57.6764
) 29.6953 41.9954 66.4006 122.4367
®» 34.9237 49.3895 78.0917 143.9940
Third order shear deformation plate

[l 8.7284 12.3536 19.5411 36.0389
) 13.9441 19.7447 31.2407 57.6223
[ 29.4967 41.8251 66.2277 122.1954
[ 34.6497 49.1546 77.8533 143.6613

11. Conclusion

In this study, the buckling and vibration of a Mindlin's nanoplate were investigated using the modified couple stress
theory. As shown in the tables and figures, under an axial load, the minimum and maximum buckling critical load is observed
for the third order shear deformation nanoplate and the Mindlin's nanoplate, respectively. Moreover, under a biaxial loading,
buckling critical load increases due to an increase in material length scale parameter to thickness ratio and decreases due to an
increase in the length to thickness ratio of the nanoplate.

It was found that the frequencies of different modes of Mindlin nanoplate decrease due to an increase in the length to
thickness ratio. In addition, the frequency reaches its lowest value for classical theory (by neglecting the effect of size
parameter), but the frequency values increase with an increase in the size effect. It was also found that the first mode yields the
lowest frequency value but it increases for the next modes. Finally, it was seen that the vibration frequency decreases due to an
increase in the plate's aspect ratio.
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